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In this work, we exploit geometric symmetries in extended

objects in order to improve Bayesian tracking algorithms that use

Spatial Distribution Models, Greedy Association Models as used in

curve fitting, and Random Hypersurface Models. The key idea is to

describe symmetric objects by solely modeling the non-redundant

part of the shape, while the remainder of the shape follows from

symmetry. Following this idea, we develop simplified versions for

the three models that take advantage of the symmetry. Exploiting

symmetries yields two major benefits. First, complex symmetric

shapes can be equivalently represented by a fraction of the original

shape parameters. Second, when using sample-based filters, such as

the widely used Unscented Kalman Filter, symmetry yields a higher

effective sample resolution. It is worth mentioning that estimating

even simple objects such as a stick, which only have one reflectional

symmetry, can be significantly improved.
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1 INTRODUCTION

Tracking shape and pose of extended objects based

on point measurements is a well-studied task that spans

many different fields of research including robotics, hu-

man machine interaction, and surveillance. In the con-

text of tracking, the difference between a classical object

and an extended object is that the former is, due to its

size or sensor resolution, assumed to produce measure-

ments from one distinct source on the shape, while the

latter is assumed to produce measurements from more

than one source. Depending on the specific task, there

are different sensors available to capture point measure-

ments of a given target object. These include laser scan-

ners, depth cameras, and radars, all of which produce

data that differ in both the quantity and the quality (i.e.

uncertainty) of the measured points. In addition to these

sensor-specific characteristics, (self-)occlusions and un-

known association of measured points to its generat-

ing sources on the object are the main challenges when

tracking an extended object.

Many objects in everyday life have known geometric

symmetries and incorporating them into tracking algo-

rithms makes sense for two reasons. First, it allows for

modeling only a small part of the shape, and then using

symmetry to obtain the other parts, which can be ex-

ploited to reduce the number of required shape param-

eters. Second, as point measurements from one part of

the shape also contain information about the symmetric

counterparts the estimator becomes more robust against

occlusions. However, symmetric transformations have

to be applied carefully, as they may produce unintended

side effects in the measurement model.

Fig. 1. Common tracking algorithms (a) require a generative model

for measurements (blue crosses) that considers sources (red filled

circles) over the entire shape. The proposed approach (b) only

requires modeling sources in a non-redundant part (orange), so that

the rest (red empty circles) of the shape follows from symmetry.

Fig. 1 illustrates the key idea of incorporating sym-

metry. While common tracking approaches assume

measurements originating from sources on the entire

airplane (Fig. 1(a)), we propose to model measurement

sources just on a single side of the shape (orange), and

obtain the rest by mirroring (Fig. 1(b)) in this case. We

will denote this orange region as the non-redundant part

of the shape.
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Fig. 2. Given: Noisy point measurements Yk of sources Z̃(xk) on
the object, measured at time k. Desired: Object parameters xk for the

specified model.

Our intention is to explore how different generative

models as commonly used in Bayesian extended object

tracking can take advantage of these symmetric con-

siderations. Specifically, we will focus on Spatial Dis-

tribution Models [9], [24], Greedy Association Models

[4], [7] as used in curve fitting, and Random Hyper-

surface Models [1—3], [6]. Sample-based filtering tech-

niques [10], [23] will be used for implementation.

There are many related approaches that exploit ge-

ometric symmetries, e.g., surveyed in [16] and [17].

In the context of [17], our work would be classified

as model acquisition and representation. Related work

on tracking is proposed in [8], where random matrices

are used to describe ellipsoidal and non-ellipsoidal [13]

extended objects which produce measurement sources

according to a known distribution. In [15], reflectional

symmetry is incorporated into an image-based tracking

algorithm that estimates the bounding box of a mov-

ing symmetric object. Reflectional symmetry has also

been exploited for segmentation purposes [19]. Simpli-

fying a symmetric mesh was proposed in [22], where

the authors incorporate symmetry in the data structure

of the mesh in order to remove redundancies. In [20],

the authors even proceed one step further by generating

a complex shape by back-projecting silhouettes. Treat-

ing symmetric multimodalities with directional statis-

tics [12] is also a related field of research, as well as

symmetric measurement functions [14] that consider

symmetry in the sense of invariance to switching spe-

cific parts of the state vector. Note that, while other

approaches which exploit geometric symmetries mostly

work with image sequences of the object, we only use

sparse point measurements. As such, and to the best of

our knowledge, this is the first approach to explicitly in-

corporate geometric symmetries into Bayesian extended

object tracking.

The paper is structured as follows. In Sec. 2, the

mathematical problem is stated and the model param-

eters are introduced. Bayesian extended object track-

ing is discussed in Sec. 4, followed by the key idea of

our approach in Sec. 5. For the considered symmetries,

as explained in Sec. 6, simplification is further elabo-

rated in Sec. 7 in order to derive a general simplification

scheme. The implementation of the proposed approach

then is described in Sec. 8. We illustrate these concepts

by deriving symmetric models for sticks (Sec. 9) and

symmetric star-convex shapes (Sec. 10). These models

are evaluated in Sec. 11 and compared against their non-

simplified paragons. Finally, conclusions are drawn in

Sec. 12.

2 PROBLEM STATEMENT

Tracking an extended object consists of estimating

the object state xk as a combination of pose (position

and orientation) and shape parameters1

xk =

"
x
pose
k

x
shape
k

#
, (1)

at each time step k, based on a list of nk given noisy

point observations

Yk = fyi,k j i = 1, : : : ,nkg (2)

from the object. In general, the dimension d of these

points is two or three. The potentially time-varying

number nk of measurements is considered to not contain

any information about the object extent. We assume

that the measurements originate from source points

z̃i,k 2 Z̃(xk) on the object corrupted by noise in the form
y
i,k
= z̃i,k +wi,k: (3)

The additive noise term wi,k is assumed to be drawn

from the zero-mean Gaussian distribution p(wi,k) =

N (0,Cw
i,k
), and assumed to be independent from the

state and the measurement source. In the following, we

denote the set of all possible measurement sources Z̃(xk)
as the shape of the object. Fig. 2 shows a sketch of the

estimation task and involved parameters. Note that i)

considerations on clutter measurements are not included

in this paper, and ii) time indices k and measurement

indices i will be dropped when not needed.

2.1 Separation of Shape and Pose

In order to keep geometric considerations simple,

we separate pose and shape by using two coordinate

frames (see Fig. 2): the object frame that represents

the object without any pose information, i.e., unrotated

and centered on the origin, and the world frame that

represents how the object is seen from the outside. The

function H transforms a given point zW, given in the

world frame, to the point zO in the object frame, by

means of the rigid transformation

zO =H(x,zW) =R ¢ zW + t, (4)

where R is a rotation matrix and t is a translation

vector, both derived from x. Unless otherwise stated,

all geometric considerations are assumed to refer to the

object frame.

1Note that the state can easily be extended to include further

parameters.
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3 NOTATION

We denote vectors with underline x and matrices

with capital bold letters C.

x object state vector

z points z 2 Rd in Cartesian coordinates
Z̃(x) shape of the object (set of all measurement

sources z̃ 2 Z̃(x)) for a given state x
z̃(x,s) measurement sources z̃ 2 Z̃(x) in function

of the state x and index parameters s

Z̃(x, t) subshapes Z̃(x, t)μ Z̃(x) in function of an
index parameter t

Y list of measurements y

p(x) prior distribution of the object state

p(y j x) likelihood for the single measurement y

p(z j x) distribution of points z 2 Rd to be
measurement sources, given the state x,

g(x,z) shape function that relates points z to the

shape Z̃(x)
T(z) aggregation function that maps points z to

the non-redundant part

N (z;¹,C) Gaussian distribution with mean ¹,
covariance matrix C, evaluated at z

4 BAYESIAN EXTENDED OBJECT TRACKING

In this section, we introduce the concepts of Bayes-

ian extended object tracking. In a Bayesian estimator,

the state x to be estimated is modeled as a random

vector whose distribution p(x) represents the uncertain

knowledge about the object’s pose and shape. In this

work, we assume this uncertainty to be Gaussian.

The tracking algorithm consists of two alternating

steps. First, the prediction step lets the distribution p(x)

evolve over time according to a system model. Second,

the measurement update step incorporates new measure-

ment points Y according to Bayes’ rule
p(x j Y)/ p(Y j x) ¢p(x), (5)

where p(Y j x) is the likelihood that describes how likely
a measured set of points Y is, given a state x.
As we assume all points y

i
2 Y to be conditionally

independent from the state x, the likelihood can be

rewritten to

p(Y j x) =
nY
i=1

p(y
i
j x), (6)

which lets us consider individual likelihoods for single

measurements y
i
2 Y . If more points are available, they

can be processed sequentially according to (6).

Furthermore, as the measurement noise is assumed

to be independent from the state, the likelihood p(y j x)
can be divided into

p(y j x) =
Z
Rd
p(y j z) ¢p(z j x)dz, (7)

where the sensor model p(y j z) specifies the distribution
of measurements y for a given point z, and the source

Fig. 3. Sketch of source model and sensor model.

model p(z j x) specifies the distribution of points z 2Rd
to be the measurement sources for a given state x. Both

are schematically shown in Fig. 3.

According to (3), the sensor model is immediately

given by the convolution

p(y j z) =
Z
Rd
p(y j z,w) ¢p(w)dw (8)

=

Z
Rd
±(y¡ (z+w)) ¢ N (w;0,Cw)dw

=N (y¡ z;0,Cw)
For the source model, in cases where the true source

is known, e.g., when looking at point objects without ex-

tent, it holds that p(z j x) = ±(z¡ z̃(x)), where z̃(x) refers
to the source location of the point object. However, as

we consider extended objects in this work, each state

x generates a set of possible sources Z̃(x) rather than a
single source. In order to allow more than one measure-

ment source, we introduce s 2 S as an index parameter
that iterates through all possible sources z̃(x,s) 2 Z̃(x)
for a given state x. The parameter s often refers to real-

valued scalars from S μ R which, e.g., allows for iterat-
ing through sources along a line segment. However, in

the case of sources on more complex shapes, such as a

rectangle, the index parameter can be vector-valued. For

example, in Sec. 4.3, we use a parametrization based on

two index parameters s 2 S, and t 2 T , where pairs of
(s, t) iterate through the sources z̃(x,s, t) 2 Z̃(x).
An appropriate source model for extended objects

has the form p(z j x,s) = ±(z¡ z̃(x,s)), which addition-
ally depends on the index parameter s, and each refers to

a single source. The task then is to derive a source model

p(z j x) based on the individual source models p(z j x,s).
As the true s is usually not known in advance, we are

faced with the so called association problem. In the fol-

lowing, we summarize three popular source models that

deal with this problem. Accompanying the textual de-

scription, Fig. 4 presents some illustrative examples.

4.1 Spatial Distribution Model

A spatial distribution model (SDM) as presented in

[9], [24] is a source model p(z j x), derived by marginal-
izing s 2 S out of the individual models p(z j x,s). The
intuition of an SDM is to explicitly assign a probabil-
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Fig. 4. Sketch of the considered types of source models.

ity p(s) to each individual source z̃(x,s) 2 Z̃(x) of being
measured. The marginalization then can be written as

p(z j x) =
Z
S
p(z j x,s) ¢p(s)ds (9)

=

Z
S
±(z¡ z̃(x,s)) ¢p(s)ds:

In other words, each potential source z̃(x,s) is consid-

ered as hypothesis and weighted according to its prob-

ability.

A popular reformulation [9], [24] of (9) is to substi-

tute the expression z¡ z̃(x,s) by a distance-related func-
tion kz¡ z̃(x,s)k that returns a scalar 0 if z equals z̃(x,s).
By means of the distance function, the SDM (9) can be

rewritten as

p(z j x) =
Z
S
±(kz¡ z̃(x,s)k) ¢p(s)ds: (10)

A drawback of the SDM is that in most real-life

scenarios, p(s) is not known in advance, and deriving

it is a non-trivial task, as it depends on factors such

as sensor to object geometry, the specific segmentation

algorithm, and occlusions, among others. This raises the

need for approaches that depend less on p(s).

4.2 Greedy Association Model

Another source modeling technique, popular in

curve fitting [7], is to approximate the unknown source

distribution by p(s) = ±(s¡ ŝ) where the index ŝ spec-
ifies the true source. The sifting property then lets us

eliminate the integral in (10)

p(z j x) =
Z
S
±(kz¡ z̃(x,s)k) ¢ ±(s¡ ŝ)ds (11)

= ±(kz¡ z̃(x, ŝ)k):
Although this would be the ideal source model, ŝ and

in consequence z̃(x, ŝ) is usually unknown (association

problem). As an approximation, ŝ can be greedily cho-

sen, such that z̃(x, ŝ) refers to the source on the shape

that is “closest” to z. In consequence kz¡ z̃(x, ŝ)k returns

0 for all z 2 Z̃(x). This motivates the use of an implicit
shape function in the form of

g(x,z) = min
s2S
(kz¡ z̃(x,s)k), (12)

which returns the minimum over all distances between

the point z and all sources on the shape Z̃(x). Note
that finding the minimum implicitly includes the greedy

selection of the expected source. Substituting the ex-

pression kz¡ z̃(x, ŝ)k in (11) with the shape function
g(x,z) from (12), we obtain a Greedy Association Model

(GAM)

p(z j x) = ±(g(x,z)): (13)

As an advantage over SDMs, GAMs do not depend on

any known distribution p(s) at all, but at the cost of a

greedy association. This approximation was shown in

[7] to introduce a parameter bias in the estimate in the

presence of high noise. A second issue is that estimators

using GAMs usually require regularization as they do

not penalize overestimates [24].

4.3 Random Hypersurface Model

Combining the ideas from the SDM and the GAM,

we arrive at Random Hypersurface Models (RHMs) [2]

that inherit the advantages from both source models. In

detail, they depend less on the distribution of individual

sources and do not require regularization. To derive the

RHM, let us start with an SDM that is parameterized

by two indices s 2 S and t 2 T , i.e., pairs (s, t) iterate
through all possible sources z̃(x,s, t) 2 Z̃(x) for a given
state x. Let each source have a given probability p(s, t).

Then, marginalizing (s, t) out of p(z j x,s, t) an SDM can

be written as

p(z j x) =
Z
S

Z
T
p(z j x,s, t) ¢p(s, t)dsdt (14)

=

Z
S

Z
T
±(kz¡ z̃(x,s, t)k) ¢p(s j t) ¢p(t)dsdt:

The goal of using two indices is to choose their

parametrization such that for a given ti, iterating over

all sources z̃(x,s, ti) with s 2 S refers to a reasonable

subshape we denote as Z̃(x, ti). These subshapes, how-
ever, are not unique and can be defined in multiple

ways. Three illustrative examples are shown in 4(c—e)

and range from subshapes composed of a few discrete

points (Fig. 4(c)), over a scaled boundary (Fig. 4(d)) to

entire parts of the shape (Fig. 4(e)).

An RHM assumes that p(t) is known in advance

(SDM), i.e., the probability that a measurement orig-

inates from a specific subshape, while the probabil-

ity of the individual source on the subshape is un-

known and has to be determined greedily according

to p(s j t) = ±(s¡ ŝt) (GAM). Plugging p(s j t) into (10)
then lets us eliminate the integral over s

p(z j x) =
Z
T
±(kz¡ z̃(x, ŝt, t)k) ¢p(t)dt: (15)
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Fig. 5. Symmetric points z
1
, z
2
, z
3
, and z

4
all lie inside or outside

of a symmetric shape. The aggregation function T(¢) transforms all
points z to their symmetric equivalents in the the non-redundant part

(orange).

Analogously to the GAM, it is common practice [2] to

substitute the expression kz¡ z̃(x, ŝt, t)k with an implicit
shape function

gt(x,z) = min
s2S
(kz¡ z̃(x,s, t)k) (16)

that additionally depends on t and returns the distance

to the subshape Z̃(x, t). Finally, by means of gt(¢), we
can rewrite the source model (15) to obtain the RHM

p(z j x) =
Z
T
±(gt(x,z)) ¢p(t)dt: (17)

REMARK 1 (Set-theoretic Ignorance)

In this work, we use the term set-theoretic ignorance

to denote that a source model greedily selects sources

from a (sub-)shape instead of assuming an individual

probability on each source, as these are assumed to

be unknown. As such, SDMs do not assume any set-

theoretic ignorance at all, while GAMs assume set-

theoretic ignorance over the entire shape. In RHMs, the

degree of set-theoretic ignorance depends on the extent

of the subshapes.

5 KEY IDEA

We will now discuss the key idea of applying sym-

metric simplification to source models p(z j x). While
there are many ways to describe symmetries, in this

paper we focus on symmetry as repetition. As such, a

symmetric shape can be seen as being generated by the

repeated transformation of a small part of the shape,

which we denote as the non-redundant part. Then, for

these shapes, we can find an aggregation function T(z)

that maps each point to its symmetric equivalent in the

non-redundant part. More formally, let T(¢) be an idem-
potent function, i.e., it always holds that T(T(z)) = T(z).

We say that a shape Z̃(x) is symmetric by T(¢) if for all
points z 2 Rd it holds that

z 2 Z̃(x), T(z) 2 Z̃(x): (18)

In this case, we say that T(¢) is an aggregation function
of the shape Z̃(x), and its non-redundant part is given
by T(Z̃(x)). This relationship is illustrated in Fig. 5 for
a 2-axial symmetric shape.

The key idea is to exploit that under certain condi-

tions, the presented source models for symmetric shapes

Fig. 6. Types of symmetry: rotational symmetry (a) and instances

of axial symmetry (b—e). The non-redundant part of each shape is

marked in orange. As an example, one source in each non-redundant

part and all symmetric equivalents is marked in red.

are symmetric too, i.e., it holds that

p(z j x) = p(T(z) j x): (19)

Specifically, we will show that this identity holds when

a source model only has symmetric subshapes. Then,

by aggregating symmetric points according to T(¢), the
original domain Rd of the source model p(z j x) can be
reduced to the non-redundant part T(Rd) of the domain.
This allows us to specify a source model exclusively

in the non-redundant part and use p(T(z) j x) in the
estimator. The desired simplification for the models in

the top row of Fig. 7 is illustrated in the bottom row.

As can be seen, all shape information is contained

in the non-redundant part, e.g., the first quadrant for the

2-axial symmetry.

6 CONSIDERED SYMMETRIES

Some shapes with corresponding symmetries are

visualized in Fig. 6. The non-redundant part of each

shape is marked in orange. In this work, we focus on

rotoreflections with 2n-fold rotation angle, which means

a shape is generated by reflecting its non-redundant part

with respect to n 2 N rotated axes that intersect in the
origin. This type of symmetry includes special cases

such as axial symmetries in Fig. 6(b—e), as well as radial

symmetry for n!1 (see Fig. 6(a)). Next, we derive

explicit formulas for appropriate aggregation functions

T(¢) for two and three dimensions.

6.1 2D Aggregation Function

When dealing with rotoreflections in 2D, polar co-

ordinates offer a convenient representation. For con-

version of a point z, given in Cartesian coordinates

z = [z1,z2]
T, the corresponding representation in polar

coordinates is defined as

μ(z) = atan2(z2,z1), (20)

r(z) =

q
z21 + z

2
2, (21)

where μ(z) is the angle to the z1-axis and r(z) is the

Euclidean norm of z. For a rotoreflection, its 2n-fold

SYMMETRIES IN BAYESIAN EXTENDED OBJECT TRACKING 17



Fig. 7. Overview of the proposed approach. The top row illustrates the considered source models. From the left to the right, the

set-theoretic ignorance in the model increases. The bottom row shows the simplified source models for the top row. Sources belonging to the

same (sub-)sets of the shape, are colored in brown and red, respectively.

rotation angle is given by

£ =
¼

n
, (22)

which means that each of the n axes of symmetry is

rotated about £. In terms of polar coordinates, we then

define the non-redundant part to lie in the period from 0

to £. Thus, the corresponding aggregation function T(¢)
should map all points onto their equivalents in this part.

Note that this mapping does not affect the radius r(z),

but rather it requires a modulo operation on the angle

μ(z) according to

μ(z,n) =

8>><>>:
mod(μ(z),£) if

¹
μ(z)

£

º
is even

£¡mod(μ(z),£) if

¹
μ(z)

£

º
is odd:

(23)

Finally, an appropriate aggregation function can be de-

fined as

T(z) =

·
r(z) ¢ cos(μ(z,n))
r(z) ¢ sin(μ(z,n))

¸
: (24)

Special Cases: The general aggregation function (24)

for rotoreflections includes several special cases. For

example, given a reflectional symmetry with respect to

the z2-axis (see Fig. 6(e)), the non-redundant part is a

half-plane, and the aggregation function

T(z) = [jz1j,z2]T (25)

aggregates points z, according to its absolute values j:j in
z1. Analogously, the aggregation function for a 2-axial

symmetry (see Fig. 5 and Fig. 6(d)) maps each point z

to the first quadrant, according to

T(z) = [jz1j, jz2j]T: (26)

A rotoreflection with n!1 axes causes the non-

redundant part to collapse into a ray, e.g., the positive

z1-axis, where the aggregation function can be written as

T(z) = [kzk,0]T, (27)

and maps each point z to this axis, according to its

distance k:k to the origin.

6.2 3D Aggregation Function

For rotoreflections in 3D, cylindrical coordinates are

chosen. The conversion of a point z given in Cartesian

coordinates z = [z1,z2,z3]
T is very similar to the 2D case.

First, (20) can be used to derive polar coordinates from

z1 and z2 and second, the height component is directly

given by z3. Introducing an additional symmetry in 3D

can be achieved by taking the absolute value of z3. Then,

an aggregation function with reflectional symmetry in

the height can be defined as

T(z) =

264r(z) ¢ cos(μ(z,n))r(z) ¢ sin(μ(z,n))
jz3j

375 : (28)

7 SIMPLIFICATION BASED ON SYMMETRY

In this section, we derive a simplification scheme for

the presented source models, given that a target object

has a known rotoreflectional symmetry. To achieve this

goal, we investigate the symmetric properties of the dif-

ferent models p(z j x) and show how to take advantage

of it. In doing so, we begin with the GAM, which allows

for the simplest simplification, and subsequently look at

the RHM and the SDM.
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7.1 Simplified Greedy Association Model

Let the source model of an object with state x and

shape function g(¢) be specified by the GAM p(z j x) =
±(g(x,z)). Further, let the object shape have a known

rotoreflectional symmetry described by the aggregation

function T(¢). Examining the symmetric properties of
this source model refers to examining those of the shape

function. As g(¢) returns the minimum distance from

points z 2Rd to the shape Z̃(x), it produces equal values
for all symmetric equivalents of z. Specifically, it holds

that

g(x,z) = min
s2S
(kz¡ z̃(x,s)k) (29)

= min
s2S
(kT(z)¡ z̃(x,s)k)

= g(x,T(z)),

which immediately implies that the GAM (13)

p(z j x) = ±(g(x,z)) = ±(g(x,T(z))) = p(T(z) j x) (30)

is symmetric too. From this follows that in practice the

shape function g(¢) needs to be evaluated only in the
non-redundant part T(Rd) of the domain Rd.
As simplification, we propose to substitute the orig-

inal shape function g(¢) with a simplified shape func-
tion g¤(¢), which is exclusively defined in the non-
redundant part of the domain. For this purpose, let the

indices s¤ 2 S¤ with S¤ μ S refer to sources in the non-
redundant part z̃(x,s¤) 2 T(Z̃(x)) according to

S¤ := fs 2 S j T(z̃(x,s)) = z̃(x,s)g: (31)

Then a simplified shape function is given by

g¤(x,z) := min
s¤2S¤

(kT(z)¡ z̃(x,s¤)k) (32)

that internally performs the aggregation T(¢) and can be
employed to define a simplified GAM

p(z j x) = ±(g¤(x,z)): (33)

Note that this simplification does not introduce any error

at all in the source model, as it only exploits the fact

that distances from symmetric points to a symmetric

shape are equal. For this reason, we can encapsulate all

symmetric considerations in the shape function.

7.2 Simplified Random Hypersurface Model

Let the source model p(z j x) of an object x with
shape function gt(¢) and distribution p(t) be specified by
the RHM (17). This means that the shape is composed of

subshapes Z̃(x, t), where each of them is specified by the
shape function gt(¢). Furthermore, let the object shape
have a known rotoreflectional symmetry described by

the aggregation function T(¢). In order to apply sym-
metric simplification, we require each of the subshapes

Z̃(x, t) to be symmetric with respect to a given aggre-
gation function T(¢), i.e., for all points z it shall hold
that

z 2 Z̃(x, t), T(z) 2 Z̃(x, t): (34)

When looking at the example RHMs from Fig. 4, sub-

shapes in (c) and (d) are symmetric, while the subshapes

in (e) are not. Then, all symmetric considerations (29)

from the GAM apply to the symmetric subshapes Z̃(x, t)
and yield the identity

gt(x,z) = gt(x,T(z)): (35)

From this can be concluded that, given all subshapes

are symmetric, the RHM (17)

p(z j x) =
Z
T
±(gt(x,z)) ¢p(t)dt (36)

=

Z
T
±(gt(x,T(z))) ¢p(t)dt

= p(T(z) j x)
is also symmetric. In turn, the shape function gt(¢)
needs to be evaluated only in the non-redundant part

of the domain T(Rd), which gives rise to the same
simplification technique as applied to the GAM. We

propose to substitute the original shape function gt(¢)
with a simplified version

g¤t (x,z) := min
s¤2S¤

(kT(z)¡ z̃(x,s¤, t)k) (37)

that only needs to be evaluated in the non-redundant

domain T(Rd). Then, the simplified RHM is given by

p(z j x) =
Z
T
±(g¤t (x,z)) ¢p(t)dt: (38)

Again, this simplification does not introduce any error

at all, as it only exploits the fact that distances from

symmetric points to a symmetric (sub-)shape are equal.

7.3 Simplified Spatial Distribution Model

Let the source model p(z j x) of an object with x with
distribution p(s) over the sources z̃(x,s) be specified by

the SDM (10). Furthermore, let the object shape have

a known rotoreflectional symmetry described by the

aggregation function T(¢). It can be seen that for (10) in
general p(z j x) and p(T(z) j x) do not produce identical
results as

kz¡ z̃(x,s)k 6= kT(z)¡ z̃(x,s)k: (39)

In consequence, an SDM as defined in (10) cannot

be simplified using the proposed technique, which is

indicated in Fig. 7. In order to allow for simplification,

we propose to approximate the SDM by an RHM that

uses symmetric subshapes and then simplify this RHM.

Creating Symmetric Subshapes: We can use T(¢) to
create symmetric subshapes by taking a source z̃(x,s¤)
with s¤ 2 S¤ that lies in the non-redundant part and then
collect all sources T(z̃(x,s)) being mapped to this source.

We denote the corresponding subshape as Z̃(x,s¤) and
define the equivalence class of indices, which contains

the indices of all sources in the subshape according to

[s¤] := fs 2 S j T(z̃(x,s)) = z̃(x,s¤)g: (40)
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The illustration of the left RHM in the first row of

Fig. 7 shows an example of these subshapes. Note that

per definition, only a single point of each subshape

lies in the non-redundant part (see Fig. 6). Based on

these subshapes, the original SDM (10) can now be

approximated by an RHM.

Approximating SDM by RHM: In order to define the

desired RHM, we need to specify a shape function

gs¤(x,z) that returns the minimum distance from a point

z to a subshape Z̃(x,s¤), as well as the distribution p(s¤).
An appropriate shape function is given by

gs¤(x,z) = min
s2[s¤]

(kz¡ z̃(x,s)k): (41)

The distribution p(s¤) specifies the probability that a
source within the subshape Z̃(x,s¤) is measured and can
be calculated by integrating the individual probabilities

according to

p(s¤) =
Z
[s¤]
p(s)ds: (42)

Using the shape function gs¤ and the distribution p(s
¤)

the RHM from (17) can then be rewritten to

p(z j x) =
Z
S¤
±(gs¤(x,z)) ¢p(s¤)ds¤: (43)

Simplifying the RHM: At this point, we arrived at an

RHM that uses symmetric subshapes, which in turn lets

us substitute the original shape function gs¤(¢) with a
simplified version

g¤s¤(x,z) = kT(z)¡ z̃(x,s¤)k (44)

that only needs to be evaluated in the non-redundant

part T(Rd) of the domain Rd. We will denote (43) as
simplified SDM.

When comparing the simplified SDM (43) to the

original SDM (10), there are two differences. First, the

aggregation of symmetric sources has introduced a set-

theoretic ignorance, as the model only allows distinct

probabilities for subshapes Z̃(x,s¤), where sources in
the subshapes are associated greedily. Second, the inte-

gration variable s¤ of the RHM has a reduced domain

compared to the original integration variable s of the

SDM. When using a sample-based filter, this reduction

yields a higher effective sample resolution, which im-

proves the estimation result.

It is important to note that, in practice, the simplified

source models in the bottom row of Fig. 7 can be used

directly without having to model the traditional versions

from the top row.

8 DERIVING THE ESTIMATOR

We will now derive a Bayesian estimator that takes

advantage of the symmetric considerations of the pre-

vious section. For this purpose, we derive likelihoods

based on the simplified source models and then show

how the measurement update can be implemented using

a Linear Regression Kalman Filter.

8.1 Likelihoods and Measurement Equations

In a preliminary step, let us plug the sensor model

(8) in the likelihood from (7) and rearrange it to

p(y j x) =
Z
Rd

Z
Rd
p(y j z,w) ¢p(w)dwp(z j x)dz (45)

=

Z
Rd

Z
Rd
±((y¡w)¡ z) ¢p(w)dw ¢p(z j x)dz:

As a reminder, y is a point measurement and w is a noise

variable which describes the sensor uncertainty. Then,

as in the previous section, we begin our considerations

with the simplest model, i.e., the GAM. Plugging the

simplified GAM p(z j x) from (33) into the rearranged

likelihood (45) yields

p(y j x) =
Z
Rd

Z
Rd
±((y¡w)¡ z) ¢p(w)dw ¢ ±(g¤(x,z))dz

=

Z
Rd
±(g¤(x,y¡w)) ¢p(w)dw, (46)

where the integral over z was eliminated by applying

the sifting property. Again, it is important to note that

all symmetric considerations are encapsulated in the

simplified shape function g¤(¢) that internally applies
the aggregation function to y¡w in order to calculate
its distance to the shape.

Usually, the shape function g¤(¢) will be defined
in object coordinates while measurement minus noise

(y¡w)W is given in world coordinates. In order to deal
with this issue, the conversion technique from (4) can be

applied (y¡w)O =H(x, (y¡w)W). Then, the likelihood
can be written as

p(y j x) =
Z
Rd
±(h(x,y,w)) ¢p(w)dw, (47)

where h defines a nonlinear implicit measurement equa-

tion of the form

0 = h(x,y,w) := g¤(x,H(x,y¡w)): (48)

Within this implicit function, the original measurement

y acts as an additional function parameter, w is a non-

additive noise variable, and 0 is an artificial pseudo-

measurement.

Likewise, the likelihood based on the simplified

RHM (33) can be derived as

p(y j x) =
Z
Rd

Z
T
±(h(x,y,w, t)) ¢p(t) ¢p(w)dwdt: (49)

In this case, the implicit measurement equation

0 = h(x,y,w, t) := g¤t (x,H(x,y¡w))) (50)

additionally depends on a second non-additive noise

variable t. Substituting t with s¤ in the formulas (49)
and (50) yields the simplified SDM.

Unfortunately, it is usually not possible to evaluate

the required integrals in the likelihoods and, in turn,

the measurement update step analytically. Still, there are
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techniques available that can be applied in order to de-

rive an approximate update, such as, e.g., Monte Carlo

integration [9], [18]. Of particular interest are Linear

Regression Kalman Filters (LRKF) such as the Un-

scented Kalman Filter (UKF) [10], or the Smart Sam-

pling Kalman Filter (S2KF) [23], which were success-

fully applied to extended object tracking [1—4], [6].

8.2 Linear Regression Kalman Filter

We now provide instructions and formulas to im-

plement an approximate sample-based Bayes’ update

[10], [23] for a (simplified) RHM. Alg. 1 shows the re-

sulting Kalman formulas, where the measurement mean

¹h, measurement covariance Ch and state-measurement

cross-covariance Cxh are obtained through determinis-
tic sampling (statistical linearization). It is important to

note that besides state x and measurement noise w, the

index t is modeled as a random variable and, thus, sub-

ject to sampling. This algorithm can easily be adjusted

to derive updates for (simplified) GAMs and SDMs by

either dropping the noise parameter t or substituting it

by s¤.

ALGORITHM 1 Sample-based Bayes’ update for a (sim-

plified) RHM.

input: prior distribution of state p(x), and noise p(w),
p(t), measured point y

output: posterior distribution of state p(xe)
begin

draw L samples f[xTl ,wTl , tl]TgLl=1 from the joint

distribution p([xT,wT, t]T);

calculate sample mean ¹h, sample covariance Ch
and sample cross-covariance Cxh according to

¹h =
1

L

LX
l=1

h(xl,y,wl, tl),

Ch =
1

L

LX
l=1

h(xl,y,wl, tl)
2¡¹2h,

Cxh =
1

L

LX
l=1

(h(xl,y,wl, tl)¡¹h) ¢ (xl¡¹x)T;

calculate posterior

¹e
x
= ¹

x
+K¹h

Cex =Cx¡KChKT

with Kalman gain K=CxhC
¡1
h ;

return p(xe) =N (¹e
x
,Cex)

end

8.3 Discussion

Based on these derivations, we can conclude several

remarks.

REMARK 2 (Usability)
As all symmetric considerations are encapsulated in the

shape function, the proposed simplification approach

does not require any adaptions to the filter being used.

In consequence, Alg. 1 can be applied to derive the

measurement update, using the common source models

as well as their simplified versions, simply by switching

the measurement function.

REMARK 3 (Generalization)

The proposed approach is a general solution to exploit

symmetries in the measurement function and is not

restricted to shape estimation. Specifically, whenever an

implicit measurement equation of the structure

0 = h(x,®) (51)

is given, and for all ® the identity

h(x,®) = h(x,T(®)) (52)

holds, then h(¢) can immediately be substituted by an
alternative function h¤(¢) that only needs to be defined
in a reduced domain T(¢).
For example, if the shape color is symmetric with

respect to the object geometry, we can easily add a color

vector c to a spatial point vector z and apply aggregation

in the form of T([zT,cT]T) that maps the spatial dimen-

sions to its equivalent in the non-redundant part while

leaving the color untouched. This generalization also

applies to measurements related to curvature or other

features, as long as they are symmetric with respect to

the object geometry.

REMARK 4 (Benefits)
The proposed approach allows for modeling an entire

shape by solely specifying it in the non-redundant part

of the domain, which then is “unfolded” to obtain

the entire domain. In turn, each measurement forces

the estimator to adjust the shape in the entire domain.

Depending on the specific source model, shape, and its

parametrization, symmetric simplification allows for

² introducing symmetry constraints upon the estimated
shape,

² modeling a more detailed shape while maintaining or
even reducing the number of shape parameters,

² reducing the overall complexity by reducing the do-
main of integration variables, and

² increasing robustness against partial occlusion.

Next, we demonstrate the proposed approach by

means of two illustrative examples.

9 EXAMPLE 1: STICK OBJECT

A stick object is a one-dimensional line segment,

usually embedded in a higher-dimensional space. We

will first derive a simplified source model for the one-

dimensional space, and then show a straightforward way

to extend this model into higher dimensional space.

According to (1), the state x of an object is separated

into pose xpose and shape xshape. For the source model,

the stick is modeled as being centered on the origin.

Pose will be incorporated in the measurement function.
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Fig. 8. Difference between modeling the stick without (a) and with

(b) symmetry.

The only required shape parameter refers to the size of

the stick, which is represented by the distance xshape = r

from the center to the edge, i.e., 2 ¢ r is the stick length.

9.1 No Symmetry

Common approaches [1], [9], [24] use an SDM (9)

for the stick (see Fig. 8(a)), where the shape Z̃(x) is
parameterized by the sources

z̃(x,s) = s ¢ r (53)

with s 2 [¡1,1]. Within this parametrization z̃(x,¡1) =
¡r specifies the left edge of the stick, and z̃(x,1) = r
specifies the right edge, respectively. If the sources are

assumed to be uniformly distributed along the stick,

the parameter s follows a uniform distribution p(s) =

U[¡1,1]. A measurement function is then given by
h(x,y,w,s) =H(x, (y¡w))¡ s ¢ r, (54)

where H(x, (y¡w)) converts points y¡w to object co-
ordinates. Even though this model is simple, it has the

drawback that estimators based on the linear Gaussian

assumption [10], [23] are not capable to estimate r when

simultaneously estimating the pose [1], as an effect of

the linearization. They propose a quadratic extension,

in order to design a modified measurement function

that overcomes this issue. However, even this approach

only works when using advanced filters such as the

S2KF [23].

9.2 1-axial Symmetry

We now propose a novel model that can be used

for simultaneously estimating shape and pose even with

a standard UKF [10]. This model can be obtained by

approximating the common SDM by a simplified SDM,

which exploits the 1-axial symmetry of the stick.

Specifying Aggregation Function: This symmetry can

be described by the aggregation function T(z) = jzj as
for all sources z̃(x,s) on the stick, it follows that jz̃(x,s)j
also lies on the stick. Based on T(¢), the non-redundant
part of the stick then falls on the positive z-axis, where

the sources are indexed by S¤ = [0,1].
Creating Symmetric Subshapes: The equivalence

class of indices is given by [s¤] = f¡s¤,s¤g which gen-
erates subshapes Z̃(x,s¤) = f¡s¤ ¢ r,s¤ ¢ rg that all consist
of two opposing sources, as illustrated in Fig. 8(b). As

we assumed the occurrence of sources to be uniformly

distributed p(s) = U[¡1,1], the distribution of the sub-
shapes, according to (42), is also uniformly distributed

p(s¤) = U[0,1].

Fig. 9. The polar function R(μ) specifies a radius for each angle μ.

The correspondence between polar function and shape contour is

marked for a given μ1.

Simplifying the RHM: An appropriate simplified

shape function g¤s¤(x,z), which only needs to be spec-
ified on the positive z-axis and returns 0 for subshapes

Z̃(x,s¤) is given by g¤s¤(x,z) = jzj ¡ s¤ ¢ r. This shape
function yields the measurement function

h(x,y,w,s¤) = g¤s¤(x,H(x,y¡w)) (55)

= jH(x, (y¡w))j ¡ s¤ ¢ r,
which can be immediately used in Alg. 1. It is interest-

ing to compare the measurement functions of the com-

mon stick SDM (54) and its simplified version (55). Be-

sides the different integration variables, they only differ

in the sense that the simplified SDM additionally re-

quires taking an absolute value. The benefit of using this

modified model with a sample-based estimator is that s¤

only has to be sampled in [0,1] instead of [¡1,1]. This
results in doubling the effective sample resolution.

Extension to Two-Dimensional Space: In two-dimen-

sional space, as seen from the object frame, the stick

represents a segment parallel to the z1-axis that is cen-

tered on the origin. Extending the measurement function

(54) is straighforward and yields

h(x,y,w,s¤) =
·
gs¤(x, (y1¡w1)O)
(y2¡w2)O

¸
=

·
0

0

¸
, (56)

where [(y1¡w1)O, (y2¡w2)O]T =H(x,y¡w) represents
points transformed into object coordinates using H.

10 EXAMPLE 2: STAR-CONVEX OBJECT

In [3], an RHM was proposed that models objects

with a complex star-convex shape in R2. Star-convex
means that there is a point within the shape, where each

line segment to any point on the boundary remains in

the shape. This allows for a convenient representation

by means of a polar function R(μ) that gives the radius

for a given angle μ from 0 to 2¼, as illustrated in Fig. 9.

In [3], the radius function R(μ) is implemented by means

of a Fourier series

R(x,μ) =
a0
2
+

MX
m=1

am cos

μ
m
2¼

P
μ

¶
+ bm sin

μ
m
2¼

P
μ

¶
:

(57)

This superposition of cosine and sine functions (with

P = 2¼) is weighted by a list of 2M +1 coefficients that

form the shape vector xshape = [a0,a1,b1, : : : ,aM ,bM]
T.

The number of coefficients determines the degree of
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Fig. 10. Difference between modeling a star-convex shape without

(a) and with (b) symmetry.

shape detail the corresponding polar function is capable

to encode. For example if M = 0, then R(x,μ) = a0=2 is

independent of μ and specifies the constant radius of a

circle.

As we deal with polar functions, in this section,

we will occasionally use polar coordinates for points

z 2R2, i.e., the radius r(z), and angle μ(z).

10.1 No Symmetry

In [3], a shape Z̃(x) was partitioned into subsets
Z̃(x, t), resulting in an RHM according to (17) with

shape function

gt(x,z) = r(z)¡ t ¢R(x,μ(z)): (58)

For each parameter t 2 [0,1], the shape function deter-
mines a set Z̃(x, t) that corresponds to a scaled bound-
ary. Fig. 10(a) shows a visualization for t= 0:5 from the

shape considered in Fig. 9. When measurement sources

are assumed to be uniformly distributed over the object,

then it holds that p(t2) = U[0,1].

10.2 2-axial Symmetry

For a given shape, let us assume that prior knowl-

edge is available about it having a 2-axial symmetry.

We can derive a simplified RHM (38) by specifying

an aggregation function and deriving a simplified shape

function.

Specifying Aggregation Function: The 2-axial sym-

metry refers to an aggregation function according to

(24) with n= 2 that results in the special case T(z) =

[jz1j, jz2j]T, i.e., it maps each point to its symmetric
equivalent in the first quadrant. In consequence, the cor-

responding angles μ(z,n) in polar representation lie be-

tween 0 and ¼=2, as illustrated in Fig. 11.

Simplifying the RHM: Due to the 2-axial symmetry

only one fourth of the shape has to be modeled by

the radius function (see Fig. 10(b)). In order to take

advantage of this reduced domain, we can change the

period of the Fourier series from P = 2¼ to P¤ = 2¼=n.
Then, let R¤(x,μ) be a radius function (57) with the
adjusted period P¤. The simplified model has the shape
function

g¤t (x,z) = r(z)¡ t ¢R¤(x,μ(z,n)), (59)

Fig. 11. Star-convex object with 2-axial symmetry, represented by

a polar function. The non-redundant part of the boundary is colored

orange.

The corresponding measurement function that incorpo-

rates the pose then becomes

h(x,y,w, t) = g¤t (x,T(H(x,y¡w))) (60)

= r((y¡w)O)¡ t ¢R¤(μ((y¡w)O,n)) = 0,
which can be immediately used in Alg. 1. The simpli-

fication has the benefit that the shape parameters only

need to specify the shape in one fourth of the spatial

domain, which in turn reduces the complexity of the

estimation problem.

REMARK 5 (Number of Coefficients and Symmetries)

A crucial challenge when designing an estimator based

on a symmetric star-convex model is to find the number

of coefficients and symmetries which reflect best the ge-

ometry of the underlying object. These concepts are not

independent from each other, as increasing the number

of symmetries yields a higher shape detail while main-

taining the same number of coefficients. As such, even

when an object is not perfectly symmetric, assuming

symmetry anyway can yield an improved shape esti-

mate. However, then the estimator finds parameters of

an intermediate symmetric shape and loses the ability of

a perfect shape estimate. In order to explore this trade-

off, the evaluation in Sec. 11.2 includes an extensive

analysis related to varying number of coefficients and

symmetries.

As another short remark, note that it would also

have been possible to enforce symmetry by constraining

the coefficients of the Fourier series. However, these

considerations would be out of the scope of this work,

as our intention is to demonstrate the universality of the

proposed simplification approach.

11 EVALUATION

In this section, we evaluate the proposed approach

by means of a simulated tracking scenario. Our inten-

tion is to investigate the effect of applying symmetric

simplification to the common models from the previous

examples. As such, we exclusively focus in this work on

comparing estimators based on a common non symmet-

ric model with its symmetric version. As an example,

we chose tracking the symmetric airplane object from

the motivating example in Fig. 1 while following the
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Fig. 12. Evaluation Scenario: plane object moves along the dashed,

gray path with constant speed. This path is composed of three

straight, and two circular parts. The labels A—D mark changes

between the different motion parts.

Fig. 13. Few measurements from fuselage with high noise for the

stick evaluation (a). Many measurements from entire plane with low

noise for the star-convex evaluation (b). Measurement sources are

marked by red circles, measurements by blue crosses.

path depicted in Fig. 12. The object moves with con-

stant speed and is observed by a simulated sensor. The

evaluation is divided into two parts, consisting of a low

information scenario using a stick model (Sec. 9), and

a high information scenario using a star-convex model

(Sec. 10). In the following, we differentiate between the

common approach without using any symmetry and the

proposed approach, which incorporates the given sym-

metries.

Sensor: For the low information scenario using the

stick model, we implemented a sensor that obtains one

to five measurements each time step uniformly from the

fuselage of the airplane. The number nk of measure-

ments is uniformly drawn from f1, : : : ,5g. The fuselage
has a size of 100 m length and 20 m meters width,

and its measurement sources are uniformly distributed

on its extent. During observation, these measurements

are corrupted with high noise, modeled as zero-mean

Gaussian noise according to N (0,102 ¢ I).
For the high information scenario based on the more

detailed star-convex model, the sensor obtains ten to

twenty measurements each time step uniformly from

the entire plane, which has a size of 100 m length and

90 m width. Again, the number nk of measurements is

uniformly drawn from f1, : : : ,20g. Then, these measure-
ments are disturbed using zero-mean Gaussian noise

according to N (0,100 ¢ I). Example measurements from
both sensors are illustrated in Fig. 13.

Pose and Motion: In order to reflect the authentic

behavior of a plane, the path in Fig. 12 was chosen to

switch between straight and circular movements. The

TABLE I

Compared approaches in the stick tracking experiment.

UKF [10] S2KF [23]

no symmetry (quad. extension) [1] common-1 common-2

1-axial symmetry proposed-1 proposed-2

speed was chosen to be about 50 m per time step so that

it takes 400 time steps to complete one run. At each time

step k, the pose model uses a rigid transformation where

the parameters to be estimated are x
pose
k = [Ák, t

T
k ]
T, with

Ák as the orientation angle, and tk 2R2 as the translation
vector.

In addition, we use a motion model that assumes a

constant speed and a constant turn rate, similar to [21].

This model requires estimating two further state param-

eters, xmotionk = [ _Ák,vk]
T, where _Ák is the angular speed,

and vk is the object speed. The velocity is then assumed

to be the vector [1,0]T rotated by the orientation Ák
and scaled by the magnitude vk. We do not employ any

switching structure.

11.1 Tracking Stick Object

First, we look at the low information scenario

with the stick model. We compare the common ap-

proach from [1] to the modified approach that ex-

ploits the 1-axial symmetry, both explained in Sec. 9.

Both models require estimating the shape parameter

x
shape
k = rk. The combined state parameters form the

6£ 1 vector xk = [(x
pose
k )T,(x

shape
k )T,(xmotionk )T]T. From

the initial measurements, where we required a min-

imum of two points, x
pose
0 was determined by to-

tal least squares, rk from x
shape
0 was set to half of

the distance between the farthest points, and xmotion0

was initialized to 0. The initial state covariance ma-

trix was set to Cx0
= diag(10¡2,103,103,10,10¡3,10).

The system covariance matrix was set to the constant

diag(10¡9,10¡7,10¡7,1,10¡6,10¡3). Then, 100 runs of
the experiment were performed.

We compare two sample-based estimators, both

based on the common model and the proposed model,

as depicted in Tab. I. The UKF was implemented ac-

cording to [10], using two samples per dimension plus

one, and parameters ®= 1, ¯ = 0, ·= 1=2. The S2KF

was implemented according to [23] using five samples

per dimension.

Results: The root mean squared errors (RMSEs) for

position, angle and stick length are depicted in Fig. 15.

In the estimated pose parameters, all approaches show

a quite similar performance, i.e., about 4 m position

error and 3± orientation error. Note that all estimators
need some time steps to adapt to the motion changes

at A, B, C, and D, as we do not use any switching

motion models. As an important result, it can be seen

that “proposed-1” and “proposed-2” both perform better

in estimating the length of the stick. As can be seen

in Fig. 15(c), the common SDM [1] imposes special
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Fig. 14. Estimation result of the star-convex shape when using 13 Fourier coefficients for selected time steps.

Fig. 15. Evaluation of the stick object.

requirements to the filter being used, as “common-2”

estimates the length correctly and “common-1” does

not. In contrast, the simplified SDM in “proposed-1”

and “proposed-2” has no special requirements to the

filter being used. This is a significant improvement,

especially because the simple UKF in “proposed-1” also

outperforms the advanced S2KF in “common-2.”

11.2 Tracking Star-convex Object

Next, we performed the high information experi-

ment using the star-convex models presented in Sec. 10.

We compare the common RHM-approach from [3] to

the modified approach based on a simplified RHM that

assumes different axial symmetries. In addition, we var-

ied the amount of Fourier coefficients in order to inves-

tigate their effects on the estimation result. Specifically,

we set up models with “no symmetry,” “1-axial sym-

metry,” and “2-axial symmetry,” each with M = 3, 5, 7,

9, 11, 13, and 15 coefficients, respectively.

A UKF [10] with equal parametrization as in the pre-

vious scenario was used for estimating the parameters of

all models. The combined state parameters form the (5+

M)£ 1 vector xk = [(xposek )T, (x
shape
k )T, (xmotionk )T]T. From

the initial measurements, where we required a mini-
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Fig. 16. Evaluation of the star-convex object with 3 Fourier coefficients.

Fig. 17. Evaluation of the star-convex object with 5 Fourier coefficients.

Fig. 18. Evaluation of the star-convex object with 7 Fourier coefficients.

mum of two points, x
pose
0 was determined as follows.

The mean of the points was used as t0, and the ori-

entation was set to μk = 0. For x
shape
0 , the first Fourier

coefficient was set to half of the distance between

the farthest points, and all others to zero, which cor-

responds to a circle with mean t0 and radius given

by the first coefficient. Again xmotion0 was initialized

with 0. The initial state covariance was set to Cx0
=

diag(10¡1,103,103,10¡1, : : : ,10¡3,10). The system co-

variance matrix was set to the constant diag(10¡6,10¡2,
10¡2,10¡6, : : : ,10¡6,10¡2). Then, 100 runs of the exper-
iment were performed.

Results: In order to compare estimation results of

the different approaches we chose the “intersection

over union” [5], where we calculated an RMSE from

1¡ (intersection=union). Its values range from 1 to 0,

where 0 means no intersection of the estimate and the

groundtruth and 0 means a perfect match. The behav-

ior of this error, as shown Fig. 16—22(a), indicates

the convergence behavior of the shape, as well as the

position. The estimation process over a run is illus-

trated in Fig. 14(a,c,e). Representative shape estimates

after a single run are depicted in Fig. 16—22(c), re-

spectively. In addition, Fig. 16—22(b) shows the RMSE

of the estimated heading angle. All approaches ini-

tially converge no later than time step A and, partic-

ularly, we did not observe any run, where the esti-

mator diverged. The increased error at time steps A,

B, C, D, are caused by the changing motion of the

plane.
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Fig. 19. Evaluation of the star-convex object with 9 Fourier coefficients.

Fig. 20. Evaluation of the star-convex object with 11 Fourier coefficients.

Fig. 21. Evaluation of the star-convex object with 13 Fourier coefficients.

Fig. 22. Evaluation of the star-convex object with 15 Fourier coefficients.
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Let us now discuss the trade-off between number

of coefficients and symmetries, as mentioned in Re-

mark 5. The proposed approach with 1-axial symme-

try outperforms the common approach for all numbers

of coefficients. Introducing the second symmetry axis

yields a benefit over the 1-axial approach up to seven

coefficients as the additional symmetry results in the

capability of capturing a higher degree of shape detail

while maintaining the number of parameters. This can

particularly be seen in Fig. 16(c), where the 2-axial finds

a reasonable shape when using only three Fourier coef-

ficients. The 1-axial model (and the common approach)

are not capable of representing the shape before five

(seven respectively) parameters are introduced.

However, for the case when a higher number of

Fourier coefficients is used, the 1-axial model steadily

outperforms the 2-axial model, as the underlying shape,

i.e., the plane, has only a 1-axial symmetry. Note that

the 2-axial approach is never capable of estimating the

shape correctly, as it always converges to an intermedi-

ate shape. For the common approach, it is worth point-

ing out that the estimated result never displays any of

the underlying symmetries. Again, it should be noted

that, as with the stick, incorporating symmetry into the

star-convex model yields a superior tracking result while

only marginally changing the generative model.

Results Under Partial Occlusion: In order to evaluate

the effect of using symmetries in the presence of oc-

clusion, we modified the high information scenario by

removing all measurements from the left wings of the

plane. Qualitative results are shown in Fig. 14(b,d,f).

As expected, the common approach estimates a non-

symmetric shape without the left wings. In contrast, the

proposed approaches impose symmetric constraints and,

thus, estimate shapes which have wings on both sides.

It is remarkable that the symmetry axes are found, even

though there are no measurements from the left side at

any time. This is due to the fact that the model assumes

symmetry with respect to the direction of velocity.

12 CONCLUSION

In this work, we presented a concept for designing a

simplified Bayesian estimator for extended object track-

ing that exploits symmetries in the object geometry. We

proposed simplification of estimators based on Spatial

Distribution Models (SDM), Greedy Association Mod-

els (GAM), and Random Hypersurface Models (RHM).

The key idea is to aggregate equivalent points according

to the object symmetry, such that the source model only

needs to be evaluated in the non-redundant part of the

spatial domain. In doing so, a simplification scheme was

obtained that yields two major improvements:

1. For all source models, simplified versions can be de-

rived that allow for reducing the number of shape pa-

rameters while estimating an equally detailed shape.

The benefit to expect is proportional to the reduc-

tion of the spatial extent from the entire shape to the

non-redundant part.

2. Simplifying SDMs additionally requires aggregat-

ing symmetric sources and their individual probabil-

ities. This aggregation turns the SDM into an RHM

that achieves a higher spatial sample resolution in

sample-based filters. The benefit is again in the same

order of magnitude, as it also depends on the ratio

between the spatial extent of the entire shape and its

non-redundant part.

Both simplifications reduce the complexity of the

estimation problem and yield an improved estimation

result, as we illustrated by means of two examples: A

simple stick object and a star-convex object. In particu-

lar, we showed that applying the proposed simplification

to a common stick model yields an RHM that can be

used with a UKF, while the original model requires a

more advanced filter. In numerical terms, the proposed

new stick RHM reduces the length error about 60%.

Using the symmetric star-convex model in the consid-

ered scenario reduces the orientation error up to 50%,

and the shape error up to 30%, depending on the num-

ber of Fourier coefficients. As an additional benefit, we

showed that our approach uses measurement informa-

tion from visible parts of the object in order to infer the

shape of occluded, symmetric counterparts.

Future research will include a closer look at the

effect that object symmetries have in the estimated state

density, particularly in the form of multiple modes.

Incorporating a mechanism that automatically chooses

the appropriate type of symmetry, e.g., based on a

symmetric descriptor [11], is also an interesting research

topic. Finally, it is also worth exploring and evaluating

other types of symmetry, e.g., periodicity, in order to

simplify source models for a wider spectrum of shapes.
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